INTRODUCTION
If K is a field and 9 = {DA} is a family of integral domains with quotient field K, then it is known that the family 9 may possess the following "bad" properties with respect to intersection:
(1) There may exist a finite subset {Di}rzl of 9 such that nl= I Di does not have quotient field K; (2) for some D, in 9 and some subfield E of K, the quotient field of D, n E may not be E.
In this paper we examine more closely conditions under which (1) or (2) occurs. In Section 1, we work in the following setting: we fix a subfield F of K and an integral domain J with quotient field F, and consider the family 9 of K-overrings' of J with quotient field K. We then ask for conditions under which 9 is closed under intersection, or finite intersection, or under which D n E has quotient field E for each D in 9 and each subfield E of K * The first author received support from NSF Grant MCS 7903123 during the writing of this paper.
'The second author received partial support from NSF Grant MCS 7800798 during the writing of this paper.
containing F. Taking J to be the prime subring of K yields a determination of fields K for which properties (1) and (2) do not hold for the family 5" of all integral domains with quotient field K. As might be expected, if 9 is the family of all integral domains with quotient field K, we show that properties (1) and (2) do not hold if and only if K is algebraic over its prime subfield. Thus, if K is a proper algebraic extension field of the field of rational numbers, then Y is closed under finite intersection, but not closed under arbitrary intersection.
In Sections 2 and 3, we present some less definitive results in a more general setting. If 9 is the family of valuation rings with quotient field K, then it is well known that properties (1) and (2) do not occur [6, Sects. 11.11, 11.151 or [3, Sects. 22.8, 19 .161. Whether property (1) can occur for the family of one-dimensional quasi-local domains with quotient field K seems to be an open question [4, Sect. 1.61; we consider this question in Section 2. Given an integral domain D, with quotient field K, we consider such questions as whether there exists an integral domain D, with quotient field K such that D, f' D, has a smaller quotient field; or if Df denotes an integral or almost integral extension of D, in K, whether Df n D, having quotient field K implies that D, n D, has quotient field K. In another direction, we consider in Section 3 the question for a given subfield E of K of the existence of a D, as in (2) such that D,l n E has a smaller quotient field than E.
GLOBAL CONSIDERATIONS
We fix the following notation for this section: F is a subfield of the field K, J is an integral domain with identity and with quotient field F, and 9 = P,~,,, is the family of K-overrings of J with quotient field K. If As expected, the set 9 is rarely closed under arbitrary intersection; we investigate more closely conditions under which 9 is closed under finite intersection. Following the terminology of Enochs in [2] , we say that a ring * The equality D 17 F = J is equivalent to the condition that each principal ideal of J is the contraction of its extension in D. This holds under weaker conditions than that D has a free Jmodule basis containing 1; for example, it is true if .I is a direct summand of D as a J-module, or if D is a faithfully flat J-module.
T is a tight extension of its subring R if each nonzero ideal of T contains a nonzero element of R; this is equivalent to the condition that each homomorphism of T restricting to an isomorphism on R is an isomorphism on T, and if R is an integral domain it is equivalent to the condition that each nonzero prime ideal of T contains a nonzero element of R. This follows from the fact that for R an integral domain, the nonzero elements of R form a multiplicative system of T, and ideals of T maximal with respect to not meeting this multiplicative system are prime. The concept of tightness is related to our investigations through the following proposition. PROPOSITION 1.4. Assume that R, and R, are subrings of the fieId K and that Ri has quotient field Ki.
(1) If R , is a tight extension of R 1 f~ R z and if R z is contained in K, , then R , n R z has quotient field K, .
(2) If each R, is a tight extensions of R, ~7 R,, then R, ~7 R, has quotient field K, f? K, .
Proof. Let N be the set of nonzero elements of R, n R,. The quotient field of R,nR, is (R,nR,),=(R,),n(R,),.
IfR, is a tight extension of R, C-I R,, then (R 1), = K, . The statements now follow. The next result provides a sufficient condition in order that a ring extension should be tight. PROPOSITION 1.6 . Assume that the ring T is algebraic over its subring R.
If A is a regular ideal of T, then A n R is nonrero. Hence if T is an integral domain, then T is a tight extension of R.
Proof. Let s be a regular element of A and let f(X) = a,X' + ..a + a, be a nonzero polynomial in R [X] of minimal degree such that f(s) = 0. If a, = 0, then the regularity of s implies that a,s"-' + -a-+ a, = 0, contrary to the choice off(X). Hence a, is a nonzero element of A n R. COROLLARY 1.1. If K/F is algebraic and tf R L and R, are K-overrings of J, then the quotient field of R, n R, is K, n K,, where Ki is the quotient field of R,. The set of all integral domains with quotientfield K is closed under finite intersection if and only if K is algebraic over its prime subfield.
In connection with Theorem 1.2, a question arises as to whether T = n {DA1 D, E Y} can be realized as a finite intersection of elements of 9.
It follows from Theorems 1.2 and 1.11 that necessary conditions in order that T be a finite intersection of elements of 9 are either (1) K/F is transcendental, or (2) K/F is algebraic and J= F, or (3) K = F. It is clear that each of (2) and (3) implies that T is a finite intersection of elements of Y, for in these cases T belongs to 9. We show presently that condition (1) is also sufficient to imply T is a finite intersection of elements of 9. PROPOSITION 1.13. If K/F is transcendental, then J can be expressed as the intersection of two elements of 9.
Proof. Let Proof Assume that t is an element of K transcendental over F. We first observe that F[t] f7 F(t + t-') = F. Since t + t-' = (t' + 1)/t, the field F(t) is Galois over F(t + t-l) of degree 2 and X2 -(t + t-')X+ 1 is the minimal polynomial for t over F(t + t-l). Hence t and t-' are conjugate over F(t + t-') and there is an F(t + t-')-automorphism u of F(t) such that u(t) = t -l. It follows that F[t] n F(t + t-') = a(F[t]) n u(F(t + t-l)) = F[t-'1 nF(t + t-'), and hence F[t]nF(t+t-')=F[t]nF(t+t-')n F[t-'1 n F(t + t-') = F. We let E = F(t + t-l), J* = J + tF [t] , and let D be an element of 9 such that D nF(t) = J*. Then D n E = D n F(f) n E = J* nF[t] n E = J* n F = J, and the proof of Proposition 1.15 is complete. THEOREM Proposition 2.4 can be used to shed some additional light on Question 2.1. As previously observed, if Question 2.1 has a negative answer, then there exists a field F, one-dimensional quasi-local domains (0, , M,) and (D2, M,), and elements x E. M,, y E M, such that D, and D, have quotient field F(x, y) and D, n D, = F. We note that these conditions imply that the set (x, y) is algebraically independent over F, for if not, then the Krull-Akizuki theorem (see [6, Sect. 33.21) shows that D, and D, are Noetherian. Hence D{ and D;, the integral closures of D, and D,, respectively, are finite intersections of rank-one valuation rings on F(x, y) [6, Sect. 33.101, so that 0; n 0; has quotient field F(x, y) [6, Sect. 11.111. Applying Proposition 2.4 twice; we conclude that D, n D, has quotient field F(x, y), contrary to assumption. Therefore {x, y} is algebraically independent over F, as asserted.
We note the following fact concerning the intersection of a finite number of one-dimensional quasi-local domains. 
THE NONGLOBAL CASE
Several questions that naturally arise in connection with our results in Section 1 are the following. We maintain the notation of Section 1 for J, F, K, and 9. We conclude with some remarks concerning these questions. 
